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Happy Birthday Tony! 



Tony is an open-minded guy: 

— Soliton model 

— Cloudy bag model 

— Ansatz approach to DCSB 

— QMC model, Walecka model  

— Chiral quark model 

— Lattice QCD 

— BSM, SUSY, etc  
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BUT not NJL model, why?!



Does not have confinement, 

does not have asymptotic freedom, 

needs regularization, too much freedom, 

cutoff spoils symmetries, …



Why Contact Interaction Models?



Why Contact Interaction Models?





DCSB and the neutron-proton  
mass difference



In medium: Mn ! Mp



Right direction to explain the  
Nolen-Schiffer anomaly
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Part of the NS anomaly used to be explained by  
rho-omega mixing component in the NN interaction



No rho-omega mixing!  



Heavy-light mesons
— Light quark moving in a (static)  
     background of a heavy color source 

Laboratory for learning about confinement  
and dynamical chiral symmetry breaking 

Neat measurable* decays: light flavor changing decay 

D+ ! D0 e+ ⌫

D+
s ! D0 e+ ⌫

* Small phase space

B0
s ! B� e+ ⌫

B0
s ! B⇤� e+ ⌫



Charm in matter
— Understanding of the nuclear force, role of glue 
  
— J/Ψ, ηc, … :  color polarizability, van der Waals force 

— D-mesons in medium: chiral-symmetry restoration  

— Charm hypernuclei  

— Quark-gluon plasma  

 Experiments ongoing and underway:  

  LHC, RHIC, JLab @ 12 GeV, JPARC, Fair, NICA



Need crucial input 
— DN interaction
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J/Ψ binding to nuclei 

Generically: two independent mechanisms 

 — Second order stark effect – octet intermediate state 
      van der Waals force 

 — D,D* meson-loop – color singlet intermediate state 
      D mesons interact with the nuclear mean fields 



© CERN

van der Waals type of force



D,D∗

J/ΨJ/Ψ

N

D

D
ρ,ω

N

D

Λc,Σc

D,D*-meson loops 



DN Experiment 
- antiproton annihilation on the deuteron*

Panda @ FAIR

* J. Haidenbauer, GK, U.-G. Meissner, A. Sibirtsev  

1) Eur. Phys. J. A 33, 107 (2007) 

2) Eur. Phys. J. A 37, 55 (2008) 



Predictions for the PANDA 
measurement

Use SU(4) symmetry for couplings:

Similar magnitude to KN



V(cc̄)N (r) = �↵

r
e�µr

Variational calculation 
of binding energy

     



V(cc̄)A(r) =

Z
d3r0 V(cc̄)N (r � r0)⇢A(r

0)
Z

d3r0 ⇢A(r
0) = A

                                        

                       

A ✏ [MeV] hr2i1/2 [fm]
3 - 0.8 3.5
4 - 5.0 1.9

12 - 13 1.7
40 - 19 2.0
200 - 27 3.1

Smearing of the interaction  
over the nuclear volume



⌥, ⌘c : ✏ ' �2 to � 4MeV

J/ : ✏ ' �8 to � 11MeV

 0
(2s) : ✏ ' 700MeV

Binding to nuclear matter

} less reliable



Bhanot-Peskin theory 
— van der Waals force (second order Stark effect)

J/Ψ  as a small color electric dipole 

charmonium wave function

nuclear density

masses charm quark and nucleon

: energy shift octet – charmonium

Note: intermediate state  
           is noninteracting



Numerical results

from Cornell potential modelGaussian

at normal nuclear  
matter density 

__________________ 

Sibirtsev & Voloshin, PRD 71, 076005 (2005)

J/Ψ N  cross section > 17 mb





D,D*-meson loops 

Calculate loop with effective Lagrangians 

    – need coupling constants & form factors 

    – need medium dependence  of D masses 



D,D* in medium

Light quarks in D mesons 

— quark condensate changes for nonzero 
     temperature and baryon density 

— quark-model: masses of the D mesons change



Quark condensate at finite T 
— model independent result*

For low temperatures:

hq̄qiT
hq̄qi = 1� ⌃⇡

m2
⇡f

2
⇡

⇢⇡s (T )

' 1� T 2

8f2
⇡

* Gerber & Leutwyler (1989)

⌃⇡ = mq
dm⇡

dmq

⇢⇡s (T ) :
scalar density  
of pions in medium



D,D* in medium

K. Saito, K. Tsushima & A.W. Thomas,  Prog. Part. Nucl. Phys. 58, 1 (2007)

— QMC model

Low temperature and density:



D,D* in medium

K. Saito, K. Tsushima & A.W. Thomas,  Prog. Part. Nucl. Phys. 58, 1 (2007)

— QMC model

Low temperature and density:

hq̄qi '
✓
1� T 2

8f2
⇡

� 0.3
⇢

⇢0

◆
hq̄qivac



J/Ψ in nuclear matter

GK, A. W. Thomas & K. Tsushima PLB 697, 136 (2011)



J/Ψ single-particle energies in nuclei                     
 — from Klein-Gordon equation

K. Tsushima, D. Lu, GK & A. W. Thomas PRC 83, 065208 (2011)



               



       

            
       

Models

NPLQCD



J/Ψ binding to proton?

© CERN / LHCb Collaboration



© CERN



© CERN



ATHENNA* collaboration JLab @ 12 GeV

*A J/Ψ THreshold Electroproduction on the Nucleon and Nuclei Analysis 

Z.-E. Meziani (Co-spokesperson/Contact)  
N. Sparveris (Co-spokesperson)  
Z. W. Zhao (Co-spokesperson) 



 How About coalescence 
at the LHC?

Need to detect in coincidence  
the decay products

— Chances of a charmed hadron meeting one or two nucleons  

     not smaller than of two antinucleons and  one antihyperon  

     meeting to form an antihypernucleus



Theory on  
Heavy-Light Mesons



Dyson-Schwinger + Bethe-Salpeter 
— Rainbow-Ladder

Mass spectrum: OK

P.  Maris and P. C. Tandy,  NP Suppl. 161, 136 (2006)  



Dyson-Schwinger + Bethe-Salpeter 
— Rainbow-Ladder

N. Souchlas, PRD 81, 11419 (2010)

Leptonic decay constants: NOT OK



NJL model

93 
113 
146

Mh ! 1 : fPS ⇠ 1p
MhExp



Bethe-Salpeter equations

[�M(k;P )]AB = MAB +

Z

q
[K(k, q;P )]AC,DB [S(q+)�M(q;P )S(q�)]CD

q± = q ± ⌘±P ⌘+, ⌘� : arbitrary

BUT, translational 

invariance requires:
⌘+ + ⌘� = 1

Approximations & truncations: 

- independence of choices is not guarantee



BUT, translational 

invariance requires:

⌘+, ⌘� : arbitrary

⌘+ + ⌘� = 1

Approximations & truncations: 

- independence of choices is not guaranteed 

- integral is divergent, change of variable is problematic 

Translational invariance:



Ward-Takahashi identity

— a different dependence on  

     also violates this WT identity

⌘+, ⌘�
⌘+ + ⌘� = 1

Pµ�
lh
5µ(k;P ) = S�1

l (k+)i�5 + i�5S
�1
h (k�)

� i (ml +mh)�
lh
PS(k;P )



Regularization & Symmetry preservation

Next: 

- How to make sure in your  

  approximation/truncation/regularization 

  scheme symmetries are preserved

1) Isolate divergences 
2) Isolate symmetry-offending terms 
- without performing change of variables



Contact interaction

⇥
�lh
PS(k;P )

⇤
AB

=

Z

q
[K(k, q;P )]AC,DB

⇥
Sl(q+)�

lh
PS(q;P )Sh(q�)

⇤
CD

Sf (k)
�1 = i� · k +mf

+

Z

q
g2Dµ⌫(k � q)

�a

2
�µSf (q)

�a

2
�f
⌫ (q, k)

Pµ�
lh
5µ(k;P ) = S�1

l (k+)i�5 + i�5S
�1
h (k�)

� i (ml +mh)�
lh
PS(k;P )

DSE

BSE

WTI



                                                      

Sf (k)
�1 = i� · k +Mf

Mf = mf +
64⇡↵IR

3m2
G

Z

q

Mf

q2 +M2
f

Contact interaction

g2Dµ⌫(k � q) =
4⇡↵IR

m2
G

�µ⌫ and �a
µ ! �a

2
�µ

[K(k, q;P )]AC,DB = �4⇡↵IR

m2
G

✓
�a

2
�µ

◆

AC

✓
�a

2
�µ

◆

DB



              
Must not depend on ⌘+, ⌘�



1) Assume a 
regularization:

Regularization

2) Make subtractions of 
the kind:

3) Make as many subtractions as  
necessary to obtain enough powers  
in the denominator to obtain a finite  
amplitude 

Z
d4q

(2⇡)4
f(q) !

Z ⇤

q
f(q)

Subtraction lowers  
the degree of diverge



Performing the subtractions*:

KEE
lh = 16

Z ⇤

q

q+ · q� +MlMh

(q2+ +M2
l )(q

2
� +M2

h)

BSE

Example

WTI

*F.E. Serna, M.A. Brito, GK



Results of the subtractions:

Aµ⌫(M
2) =

Z ⇤

q

4qµq⌫ � (q2 +M2)�µ⌫
(q2 +M2)3

KEE
PS

= 8
n

�

⌘2
+

+ ⌘2�
�

Aµ⌫(M
2)PµP⌫

+ I
quad

(M2

l ) + I
quad

(M2

h)�
h

P 2 + (Mh �Ml)
2

i

⇥
⇥

I
log

(M2)� Z
0

(M2

l ,M
2

h , P
2;M2)

⇤

o

Zk[�
2
1,�

2
2, q

2;�2] =

Z 1

0
dz zk ln


q2z(1� z)� (�2

1 � �2
2)z + �2

1

�2

�

BSE



WTI

Result of the subtractions:

0 = (Ml �ml) + (Mh �mh)

� 64⇡↵IR

3m2
G

⇢
MlIquad(M

2
l ) +MhIquad(M

2
h)

+
�
Ml ⌘

2
+ +Mh ⌘�

�
Aµ⌫(M

2)PµP⌫

�

0 =

Z ⇤

q

✓
q+ · P

q2+ +M2
� q� · P

q2� +M2

◆

⇠ terms proportional to ⌘± (Aµ⌫ , Bµ⌫ , Cµ⌫⇢�)



Where



What to do with the divergent 
symmetry-offending terms?

Ideally, regularization scheme should  
take care of them 

— Dimensional regularization does that: 

— Cutoff: 

Aµ⌫ = 0, Bµ⌫ = 0, Cµ⌫⇢� = 0

Aµ⌫ 6= 0, Bµ⌫ 6= 0, Cµ⌫⇢� 6= 0



Truncations & approximations

Criterion for elimination of symmetry-offending terms  

is integral part of the  

truncation/approximation scheme

IMPOSE Aµ⌫ = 0, Bµ⌫ = 0, Cµ⌫⇢� = 0



WTI 0 = (Ml �ml) + (Mh �mh)

� 64⇡↵IR

3m2
G

⇢
MlIquad(M

2
l ) +MhIquad(M

2
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+
�
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+ +Mh ⌘�
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�
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Z ⇤
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WTI 0 = (Ml �ml) + (Mh �mh)

� 64⇡↵IR

3m2
G

⇢
MlIquad(M

2
l ) +MhIquad(M

2
h)

+
�
Ml ⌘

2
+ +Mh ⌘�

�
Aµ⌫(M
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�
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Z ⇤

q

✓
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� q� · P
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◆

⇠ terms proportional to ⌘± (Aµ⌫ , Bµ⌫ , Cµ⌫⇢�)

Aµ⌫ = 0, Bµ⌫ = 0, Cµ⌫⇢� = 0

Gap equation



Contact with:

They work in the chiral limit: 

— 

— Only term with                appears in the WTI 

— They choose  

Ml = Mh ⌘ M

⌘+ = 1, ⌘� = 0

Bµ⌫(M
2)



Contact with:

Eq. (17) of

They work in the chiral limit: 

— 

— Only term with                appears in the WTI 

— They choose  

Ml = Mh ⌘ M

⌘+ = 1, ⌘� = 0

Bµ⌫(M
2)



Confinement 
— no quark-antiquark thresholds

KEE
PS

= 8
n

�

⌘2
+

+ ⌘2�
�

Aµ⌫(M
2)PµP⌫

+ I
quad

(M2

l ) + I
quad

(M2

h)�
h

P 2 + (Mh �Ml)
2

i

⇥
⇥

I
log

(M2)� Z
0

(M2

l ,M
2

h , P
2;M2)

⇤

o

branch cut 

Z0(M
2
l ,M

2
h , P

2;M2) =

Z 1

0
dz ln


z(1� z)P 2 � z(M2

l �M2
h) +M2

l

M2

�

P 2 = (Mh +Ml)
2



Z0 came from:

Z
0

(M2

l ,M
2

h , P
2;M2) =

Z
1

0

dz
⇥
I
log

(M2)� I
log

(H(z))
⇤

I
log

(M2) =

Z
d4q

(2⇡)4
1

(q2 +M2)2

H(z) = z(1� z)P 2 � z(M2
l �M2

h)z +M2
l

UV divergences cancel



Infrared cutoff:

1

(q2 +M2)2
= �

Z 1

0
d⌧ ⌧ e�⌧(q2+M2) ! �

Z ⌧2
ir

0
d⌧ ⌧ e�⌧(q2+M2)

⌧ir =
1

⇤ir



Masses and leptonic decay 
constantes of heavy-light mesons*

Parameters:

Results:

*F.E. Serna, M.A. Brito, GK
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Heavy-heavy

Lattice*: 0.255 GeV

*C.T.H. Davies et al. PRD 82, 114504 (2010)  



Chiral chemical potential

L ⇠ µ5

�
 ̄�0�5 

�
= µ5

⇣
 †
R R �  †

L L

⌘

Chiral unbalance produced by  
strong magnetic fields: 

— heavy-ion collisions 

— supernova collapse, neutron stars 

— no sign problem in lattice simulations



V.V. Braguta et al. JHEP 06 (2015) 094

SU(2) color



SU(3) color

V.V. Braguta et al. Phys. Rev. D 93, 034509 (2016)



M. Ruggieri

Chiral quark model



NJL model

L. Yu, H. Liu and M. Huang, arXiv:1511.03073



Chiral quark model

M. Ruggieri & G. X. Peng, arXiv:1602.03651



DSE — modified Maris-Tandy interaction

Shu-Sheng Xu et al. PRD 91, 056003 (2015)



Chiral chemical potential 
 — How to make NJL agree with lattice*

NJL Lagrangian:

Gap equation:

1

4NcNfG
=

X

s=±1

(Z

⇤

d4k

(2⇡)4
i

k20 � (k + sµ5)
2 �M2

�
Z 1

0

d3k

(2⇡)3
1

1 + e��!s

1

!s

)

!s =
p
M2 + (k + sµ5)2, s = ±1

* R.L.S. Farias, D.C. Duarte, GK, R.O. Ramos



1

k20 � (k ± µ5)
2 �M2

=
1

k20 � k2 �M2
0

+
M2 �M2

0 ± 2kµ5µ2
5

(k20 � k2 �M2
0 )

h
k20 � (k ± µ5)

2 �M2
i

Use the identity (3 times)

and obtain for the gap equation

1

4NcNfG
= 2 I

quad

�
M2

0

�
+ 2(M2 �M2

0

� 2µ2

5

) I
log

�
M2

0

�

+
1

16⇡2

�
M2 �M2

0

+ µ2

5

�
2 � µ2

5

4⇡2

+ Ifin(M
2,M2

0

, µ
5

) + Ifin(M
2,M2

0

,�µ
5

)� Imed(M,T, µ
5

)



where

I
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0
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⇤
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log
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(k2
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5
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Z
d4k

(2⇡)4
(M2 + µ2
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+ 2kµ
5

�M2

0
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(k2
0

� k2 �M2

0

)3[k2
0

� (k + µ
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)2 �M2]

Imed(M,T, µ
5

) =
X

s=±1

Z 1

0

d3k

(2⇡)3
1

1 + e��!s

1

!s



Critical temperature 
 — chiral limit m0 = 0



Critical temperature 
— m0 = 5 MeV



Comparison with lattice



Color superconductivity

High-density quark matter 
— instability around the Fermi surface, gap in the energy spectrum

Perturbative QCD 
— gap increases with  
     chemical potential

g = g(µ)



Superconducting gap

For   
- gap vanishes

� ⇠ ⇤

Chiral symmetry is restored

NJL model



Separate finite and 
divergent parts



where



Result

     grows 
with µ
�

R.L.S. Farias, G. Dallabona, GK, O.A. Battitel, PRC 73, 018201 (2006)

pert QCD g = g(µ)



How about asymptotic freedom? 
— change the coupling

Example 
— inverse magnetic catalysis

(pseudo)critical temperature 
for chiral restoration decreases  
as B increases



Models (NJL, PNJL, LSM, … ) 
predict opposite effect



Asymptotic freedom

Change the NJL coupling* 
— rough fit to lattice data for condensates

*







Change the NJL coupling* 
— more precise fit to lattice data for condensates

* R.L.S. Farias,  V.S. Tomoteo, S.S. Avancini, M.B. Pinto, GK



Predictions for thermodynamics







Perspectives 

— NJL is not a replacement of full QCD, 

    of course 

— Symmetries can be preserved 

— Confinement, asymptotic freedom  

     can be mimicked 


