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Introduction

@ The isolation of excitations of baryons at nonzero momentum is
important for the evaluation of baryon form factors
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Introduction

@ The isolation of excitations of baryons at nonzero momentum is
important for the evaluation of baryon form factors

o Existing parity projection techniques are vulnerable to opposite parity
contaminations at nonzero momentum

@ We propose the Parity Expanded Variational Analysis (PEVA)
technique to resolve this issue

Finn M. Stokes (CSSM) Parity-Expanded Variational Analysis NDSP 2/35



Nonzero momentum

o Eigenstates of nonzero momentum are not eigenstates of parity
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Nonzero momentum

o Eigenstates of nonzero momentum are not eigenstates of parity

o Categorise states by parity in rest frame

o Call states that transform positively under parity in their rest frame
“positive parity states” (B™)

o Call states that transform negatively under parity in their rest frame
“negative parity states” (B™)
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Conventional analysis

o Conventional baryon operators {x'} couple to states of both parities

mpg+
Eg+

ilp— - [Mp-
QIX1B™) = AP \/i%us—(PaS)

(Q[x'|BT) = AE” ug+(p, s)
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Conventional analysis

o Conventional baryon operators {x'} couple to states of both parities

mpg+
Eg+

ilp— - [Mp-
QIX1B™) = AP ﬁi% ug-(p,s)

(Q[x'|BT) = AE”

ug+(p,s)

@ Form correlation matrix

Gi(pi 1) =) e (QxX () ¥ (0)|Q)
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Conventional analysis

o Conventional baryon operators {x'} couple to states of both parities

mpg+
Eg+

ilp— - [Mp-
<Q|X|B >:)\,"3 i% UB—(P,S)

@ Form correlation matrix

Gi(pi t) =) eP* (QIX(x) ¥ (0)|Q)

= e B (Q[7(0) B; p;s) (B pis| ¥(0) 1)
B,s

(Q[x'|BT) = AE” ug+(p, s)
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Conventional analysis

o Conventional baryon operators {x'} couple to states of both parities

mpg+
Eg+

ilp— - [Mp-
<Q|X|B >:)\,"3 i% UB—(P,S)

@ Form correlation matrix

Gi(pi t) =) eP* (QIX(x) ¥ (0)|Q)

= e BPIE(QIX/(0)B; p; s) (B; pi s| X (0) )

(Q[x'|BT) = AE” ug+(p, s)

B,s

=Y e F Pt Q) |BT) (BT ¥ |Q)
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Conventional analysis

o Conventional baryon operators {x'} couple to states of both parities
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Eg+

ilp— - [Mp-
<Q|X|B >:)\,"3 i% UB—(P,S)

@ Form correlation matrix

Gi(pi t) =) eP* (QIX(x) ¥ (0)|Q)
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Correlation matrix

A(p: t) = —Eg+(p)t \B" \B" _MB* T
Gi(pi ) BZ PN Ep) v (Pr) Tae(pr9)

_ P)fAB )\B mp- ug—(p,s) T (p, s
Z EB—(p) TsUp (p ) B (p )75
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Correlation matrix

A(p: t) = —Eg+(p)t \B" \B" _MB* T
Gi(pi ) BZ PN Ep) v (Pr) Tae(pr9)
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Correlation matrix

_ — m _
g’J(p, t) = Z € EB+(p)t )\,B+ )\JB+ EBj;) UB+(P75) uB*(pa S)
Bt,s

_ P)fAB )\B mp- ug(p.s)Tg-(p.s
Z EB—(p) YsUp (p ) B (p )75
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Correlation matrix

Gij(p; t) = Z e B PV NETRET T g (p, 5) Tig (p 5)

Eg+(p)
o Z —-(p)t )\B )\B Me- Ysug-(p,s) ug-(p,s)7s
Eg-(p)
_ Z efEB‘*'(p) t )\IB+ XJB+ —I’Z‘Ep + mp+
e B+(P)
B —E._(p)t \B~ B~ 17 P+ mg-
e B AP 5
; / Eg-(p)
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Correlation matrix

Gy(p; 1) =Y e B ENBTRBT BT (b, 5) g+ (p, )

B s Ep+(p)
- Z SPEAP )‘B E:i;’) Ysup-(p,s) ug-(p,s)¥s
- ; ¢ Ee+(P)t \B' 3B W
_ ; e Ee-(P)t \BT 3B, w o
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Correlation matrix

CF) — —E Bt yBt_MB+ _
g’J(pv t) - Z e p+(p)t )‘ )\_] EB*( ) uB+(p,S) UB+(p, 5)

- p)tAB >\B e sug—(p,s) ug-(p,s)rs
Z EB—(P)’Y B ( ) B ( )'7
gy Sy
! 2Eg+(p)
_Ze Eg-(p)t \B~ )\JB +ivy-p+ mg-
2Eg-(p)
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Correlation matrix

Gij(p; t) = Z e B PV NETRET T g (p, 5) Tig (p 5)

Ep+(p)
—Z e-PIEAR” b E:i;’) Ysug-(p,s) ug-(p,s)7s

:ZeiEBi(p)t)\-Bi XBi —1"}/ - p + mpg+
i

B+ / 2EBi(p)
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Correlation matrix

Gij(p; t) = Z e B PV NETRET T g (p, 5) Tig (p 5)

Ep+(p)
—Z e-PIEAR” b E:i;’) Ysug-(p,s) ug-(p,s)7s

:ZeiEBi(p)t)\-Bi XBi —1"}/ - p + mp+
i

B+ / 2EBi(p)
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Parity projection

_ +—pg+—1y-pExmgs
Gi(p; t) =) e BexPt\Bm BT LT — b7
i(P: 1) ; ! 2Ep+(p)

o Introduce 'y = (y4 £ 1)/2 and define G;;(I's; p; t) := tr (It Gji(p; t))
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Parity projection
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Parity projection

_ +—pg+—1y-pExmgs
Gi(p; t) =) e BexPt\Bm BT LT — b7
i(P: 1) ; ! 2Ep+(p)

o Introduce 'y = (y4 £ 1)/2 and define G;;(I's; p; t) := tr (It Gji(p; t))

Gi(Tip; t) =) e Eer(PE\BTRE" Es{p) + ms+

o ! 2Eg+(p)
- - v~ Eg-(P) — ms-
Es-(p)e \B~ xB8 Ea-(P) — ms
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Parity projection

_ +—pg+—1y-pExmgs
Gi(p; t) =) e BexPt\Bm BT LT — b7
i(P: 1) ; ! 2Ep+(p)

o Introduce 'y = (y4 £ 1)/2 and define G;;(I's; p; t) := tr (It Gji(p; t))

Gi(Fy;p; t Ze B+p)t/\3+)\f+w
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+3 e BB RE w
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Parity projection

_ +—pg+—1y-pExmgs
Gi(p; t) =) e BexPt\Bm BT LT — b7
i(P: 1) ; ! 2Ep+(p)

o Introduce 'y = (y4 £ 1)/2 and define G;;(I's; p; t) := tr (It Gji(p; t))

Gi(Fy;p; t Ze Ep(p)t \B* )\Fw
+Ze—EB*(P)t/\,.B B~ w
Gi(l—;p; t Ze Eg(p)t \B /\FW
+;e Eg—(p)t )\B )\jB E32(E;—|(-pf;73
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Zero momentum

@ At zero momentum, Eg(0) = mg, so

EB(O) + mp -1
2E5(0)

EB(O) — mpg _ 0
2Ep(0)
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Zero momentum

@ At zero momentum, Eg(0) = mg, so

EB(O) + mp -1
2E5(0)

EB(O) — mpg _ 0
2Ep(0)

@ So projected correlators only contain terms for states of a single parity

G,-J-(F+; 0; t) = Z e Mp+t )\,B+ XJB+
B+

Gj(lr-;0; t) = Z e Me=t \B” XF_
B
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Zero momentum

@ At zero momentum, Eg(0) = mg, so

EB(O) + mp -1
2E5(0)

EB(O) — mpg _ 0
2Ep(0)

@ So projected correlators only contain terms for states of a single parity

G,-J-(F+; 0; t) = Z e Mp+t )\,B+ XJB+
B+

Gj(lr-;0; t) = Z e Me=t \B” XF_
B

@ Can analyse states of each parity independently
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Lattice results

@ Second lightest PACS-CS (2 + 1)-flavour full-QCD ensemble
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Lattice results
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» 323 x 64 lattices
» a=0.0951(14) fm by Sommer parameter
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Lattice results

@ Second lightest PACS-CS (2 + 1)-flavour full-QCD ensemble

> 323 x 64 lattices
» 2 =0.0951(14) fm by Sommer parameter
> fyq = 0.1377, corresponding to m, = 280(5) MeV
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@ Second lightest PACS-CS (2 + 1)-flavour full-QCD ensemble

> 323 x 64 lattices
» 2 =0.0951(14) fm by Sommer parameter
> fyq = 0.1377, corresponding to m, = 280(5) MeV

@ Using conventional spin-1/2 nucleon operators

X1 = 6abc [UaT(C’Yg;) C/b] uc
X2 = 6abc [uaT(C) db] 75 uc
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Lattice results

@ Second lightest PACS-CS (2 + 1)-flavour full-QCD ensemble

> 323 x 64 lattices
» 2 =0.0951(14) fm by Sommer parameter
> fyq = 0.1377, corresponding to m, = 280(5) MeV

@ Using conventional spin-1/2 nucleon operators

X1 = 6abc [UaT(C’Y5) db] uc
X2 = 6abc [uaT(C) db] 75 uc

@ Apply 16, 35, 100 and 200 sweeps of stout-link smearing in creating
the propagators
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Correlation function

G11(T4; 0; t)

1.2 e e e e e e
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Nonzero momentum

Gij(Ty;p; t) Ze Eg+(p)t )\B+ )\B+—EB+( p) + mp:

J 2Eg+(p)
- - g~ Eg-(p) — mp-
+y e FePIENBT BT ZET —SE
Z ! 2Ep-(p)
Gy(Tipi 1) =) e FrPI AR xo+ Eo(p) ~ me+
J o J 2Eg+(p)
Eg-(p) + mg-
s—(p)t \B~ YB~ EB- B
+Z PYADY. )
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Nonzero momentum

Gij(Ty;p; t) Ze Eg+(p)t )\B+ )\B+—EB+( p) + mp:

J 2Eg+(p)
- -~g- Eg-(p) — mp-
+Y e Pt \ETRET BT B
Z ’ 2Eg-(p)
Gi(r—;p; t) :Z —Ep+(p)t )\B+ )\B+M
ot ! 2Eg+(p)
Eg-(p) + mp-
5-(p)t \B~ B~ EB-\P) T Mp—
+Z NN e o)

O(|p|) opposite parity contaminations at nonzero momentum
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Nonzero momentum

Gij(Ty;p; t) Ze Eg+(p)t )\B+ )\B+—EB+( p) + mp:

J 2Eg+(p)
- -~g- Eg-(p) — mp-
+Y e Ee-Pe \BT BT 2B BT
Z ! 2Ep-(p)
G(r_ p; t) — Z —Egi(p)t )\B"’ )\B"' EB"’( ) mp+
v o J 2Eg+(p)
Eg-(p) + mp-
(p) t )\B )\B B— B
t2 e T 26, (p)

@ O(|p|) opposite parity contaminations at nonzero momentum
@ Can remove single opposite parity state with

0= (&)
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Parity-Expanded Variational Analysis (PEVA)

@ Better to use variational analysis to remove all contaminating states
simultaneously
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@ Expand basis to simultaneously isolate finite momentum energy
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@ Better to use variational analysis to remove all contaminating states

simultaneously
@ Expand basis to simultaneously isolate finite momentum energy

eigenstates, regardless of parity
@ Terms in unprojected correlation matrix have Dirac structure
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Ok Pk Eg+(p) F mp=
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Parity-Expanded Variational Analysis (PEVA)

@ Better to use variational analysis to remove all contaminating states

simultaneously
@ Expand basis to simultaneously isolate finite momentum energy

eigenstates, regardless of parity
@ Terms in unprojected correlation matrix have Dirac structure

( Eg+(p) + mps — OkPk )
Ok Pk Eg=(p) F mp=+

@ Define PEVA projector

P (T4 ya)(I — ivsvkpi)/4, otherwise
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Parity-Expanded Variational Analysis (PEVA)

@ Better to use variational analysis to remove all contaminating states
simultaneously

Expand basis to simultaneously isolate finite momentum energy
eigenstates, regardless of parity

@ Terms in unprojected correlation matrix have Dirac structure

( Eg+(p) £ mp+ — OkPk )
Ok Pk Eg=(p) F mp=+
@ Define PEVA projector
P @+ ) (I — ivsybr) /4, otherwise
° X:) = pxi couples to positive parity states at zero momentum
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simultaneously

Expand basis to simultaneously isolate finite momentum energy
eigenstates, regardless of parity

@ Terms in unprojected correlation matrix have Dirac structure
( Eg+(p) £ mp+ — OkPk )
Ok Pk Eg+(p) F mp+
@ Define PEVA projector
P @+ ) (I — ivsybr) /4, otherwise
° X:) = pxi couples to positive parity states at zero momentum
° X:)/ = p75xi couples to negative parity states at zero momentum
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Parity-Expanded Variational Analysis (PEVA)

@ Better to use variational analysis to remove all contaminating states
simultaneously

@ Expand basis to simultaneously isolate finite momentum energy
eigenstates, regardless of parity

@ Terms in unprojected correlation matrix have Dirac structure

( Eg+(p) & mp=+ — Ok Pk )
Ok Pk Eg+(p) F mp=
@ Define PEVA projector
P (T4 ya)(I — ivsvkpi)/4, otherwise

° X:) = pxi couples to positive parity states at zero momentum

o xh :=pysX’ couples to negative parity states at zero momentum
@ Both couple to states with consistent Dirac structure [ug(p, s)
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Parity-Expanded Variational Analysis (PEVA)

@ Better to use variational analysis to remove all contaminating states
simultaneously

@ Expand basis to simultaneously isolate finite momentum energy
eigenstates, regardless of parity

@ Terms in unprojected correlation matrix have Dirac structure

( Eg+(p) & mp=+ — Ok Pk )
Ok Pk Eg+(p) F mp=
@ Define PEVA projector
P (T4 ya)(I — ivsvkpi)/4, otherwise

X:) = pxi couples to positive parity states at zero momentum

X:)/ := 75X couples to negative parity states at zero momentum
Both couple to states with consistent Dirac structure lpug(p, s)
Use {xp, X:;/} as expanded basis for variational analysis
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PEVA correlation matrix

p?2 = 0GeV?

Gy=tr ePXQp Q) | Grj=trY e®X(Qlx) X5[2)

Gy =try_ P QP X 1) | G =trd_e®* (] 7 1)
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Effective energy

@ Perform variational analysis to find left and right generalised
eigenvectors v*(p) and u®(p)
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@ Perform variational analysis to find left and right generalised
eigenvectors v*(p) and u®(p)
@ Construct correlator for a single energy eigenstate

G*(p; t) :=v*(p) G(p; t)u*(p)
— 7oz e—Ea(p)t

@ Define effective energy

1 G*(p; 1)
off = —I _—
£ (p.t) ot G(p; t+ 0t)
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Effective energy

@ Perform variational analysis to find left and right generalised
eigenvectors v*(p) and u®(p)

@ Construct correlator for a single energy eigenstate

G*(p; t) :=v*(p) G(p; t)u*(p)
— 7oz e—Ea(p)t

@ Define effective energy

1 G*(p; 1)
off = —I _—
£ (p.t) ot G(p; t+ 0t)

o Expect effective energy to approximately obey dispersion relation

ES"(p, t) = v/ mo? + p?
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Eigenvector components

Ground state
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Effective energy

Ground state - p2 = 0 GeV?
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Effective energy

Ground state - p2 = 0.166 GeV?
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Effective energy

Ground state - p2 = 0.664 GeV?
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Effective energy

Ground state

25 [
20k ]
150 ]
= bor ]
[}
) L ]
5 I ]
10k —
0.5
i Q ¢ I'"8x8 1
- ¢ ¢ PEVA 16 x 16 |
ool 1 v v v T T )
0.0 0.2 0.4 0.6 0.8 1.0
p? (GeV?)

Finn M. Stokes (CSSM) Parity-Expanded Variational Analysis NDSP 23 /35



Eigenvector components

First negative parity excitation
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Effective energy

First negative parity excitation - p> = 0 GeV?
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Effective energy

First negative parity excitation - p> = 0.166 GeV?
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Effective energy

First negative parity excitation

25— T T T T
IS .
A
= or A & & B ]
(5]
¢} - ]
5 I ]
10k ]
0.5
i A A T 8x8 1
- A 1 PEVA 16 x 16 |
ool 1 v v 1 N TR S S
0.0 0.2 0.4 0.6 0.8 1.0
p? (GeV?)

Finn M. Stokes (CSSM) Parity-Expanded Variational Analysis NDSP 27 / 35



Eigenvector components

Second negative parity excitation
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Effective energy

Second negative parity excitation
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Eigenvector components

First positive parity excitation
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Effective energy

First positive parity excitation
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Effective energy

Nucleon spectrum
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Nucleon spectrum
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Conclusion

@ Conventional baryon spectroscopy at nonzero momentum
contaminated by opposite parity states
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Conclusion

@ Conventional baryon spectroscopy at nonzero momentum
contaminated by opposite parity states

@ At zero momentum, our method is equivalent to conventional parity
projection methods

@ At nonzero momentum, we effectively remove opposite parity
contaminations

@ Cleanly isolate single energy eigenstates

@ Clear effect on two point function for lowest lying negative parity
excitation

@ Could have even more significant effects in three point functions,
where mixing could prevent current from accessing energy eigenstates
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More information

“Parity-expanded variational analysis for nonzero momentum”
F. M. Stokes, W. Kamleh, D. B. Leinweber, M. S. Mahbub,
B. J. Menadue, B. J. Owen

Phys. Rev. D 92 (2015) 11, 114506
doi:10.1103/PhysRevD.92.114506

arXiv:1302.4152 (hep-lat).
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Effective energy

First negative parity excitation - p> = 0.166 GeV?
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Effective energy

First negative parity excitation - p> = 0.664 GeV?
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Effective energy

Second negative parity excitation - p? = 0 GeV?
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Effective energy

Second negative parity excitation - p? = 0.166 GeV?>
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Effective energy

Second negative parity excitation - p? = 0.664 GeV?>
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Effective energy

First positive parity excitation - p2 = 0 GeV?
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Effective energy

First positive parity excitation - p? = 0.166 GeV?>
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Effective energy

First positive parity excitation - p> = 0.664 GeV?>
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Variational analysis

@ Seek operators {¢g} that perfectly isolate energy eigenstates

my
(Qlep|B7) = 07 | 2% Tp ialp, s)

Y mOé o —
(B75310) = 6% | T2 2% 0 (p, ) Ty

Finn M. Stokes (CSSM) Parity-Expanded Variational Analysis NDSP 44 / 35



Variational analysis

@ Seek operators {¢g} that perfectly isolate energy eigenstates

B Mgy o
<Q’¢3‘Bﬁ> = 6(15‘, F Z rp Ua(P, 5)7

Y ma 0o —
<Bﬁ|¢g|§2> =57, /F Z%Ta(p,s) Ty .
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Variational analysis

@ Seek operators {¢g} that perfectly isolate energy eigenstates

my
(Qlep|B7) = 07 | 2% Tp ialp, s)

Y mOé o —
(B75310) = 6% | T2 2% 0 (p, ) Ty

@ Can be written as linear combination of operators
¢ = vi(p) xp+ Y _viF(p) Xy
I'/

i

oy = urp) Xh+ > ui(p) Xh

i i’
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Variational analysis

@ Then,

G(p; t)u®(p) = A2Z% ¢ EalP)t
ve(p) G(p; t) = ZON~ e EalP)t
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Variational analysis

@ Then,

G(p; t)u®(p) = A2Z% ¢ EalP)t
ve(p) G(p; t) = ZON~ e EalP)t

@ So v¥(p) and u®(p) form the left and right generalised eigenvectors of
G(p; t+ At) and G(p; t)

G(p; t+ At)u(p) = e =P AT G(p; t)u*(p)
v(p) G(p; t+ At) = e BPI A (p) G(p; 1)
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Variational analysis

@ Then,

G(p; t)u®(p) = A2Z% ¢ EalP)t
ve(p) G(p; t) = ZON~ e EalP)t

@ So v¥(p) and u®(p) form the left and right generalised eigenvectors of
G(p; t+ At) and G(p; t)

G(p; t+ At)u(p) = e =P AT G(p; t)u*(p)
v(p) G(p; t+ At) = e BPI A (p) G(p; 1)

@ Can construct correlator for a single energy eigenstate

G*(p; t) :=v*(p) G(p; t)u*(p)
— 7oz« e—Ea(p)t
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